Abstract. We prove a special case of a conjecture of Naito-Sagaki about a branching rule for the restriction of irreducible representations of sl(2n, C) to sp(2n, C). The conjecture is in terms of certain Littelmann paths, with the embedding given by the folding of the type A2n−1 Dynkin diagram. We propose and motivate an approach to the conjecture in general, in terms of Littlewood-Richardson Sundaram tableaux.
Introduction
Consider the automorphism of sl(2n, C) induced by the folding of the Dynkin diagram of type A 2n−1 along the middle vertex. The set of σ-fixed points sl(2n, C) σ is a sub Lie algebra isomorphic to sp(2n, C). Let h ⊂ b ⊂ sl(2n, C) be the Cartan subalgebra of diagonal matrices, respectively the Borel subalgebra of upper triangular matrices, and let λ ∈ h * be an integral weight that is dominant with respect to this choice. Let P SSY T (λ) be the Littelmann path model for the simple module L(λ) of sl(2n, C) associated to the set of semi-standard Young tableaux of shape λ. It consists of paths π ∶ [0, 1] → h * R , which may be restricted to paths res(π)
A distinguishing feature of a Littelmann path model for a simple module L(λ) is the existence of a unique path π λ contained in the dominant Weyl chamber with endpoint π λ (1) = λ. In this spirit, denote the set of restricted paths in res(P SSY T (λ)) that are contained in the corresponding dominant Weyl chamber by domres(λ). where L(δ(1)) denotes the simple module for sl(2n, C) σ of highest weight δ(1).
Main result. The Naito-Sagaki Conjecture is true for n = 2, and, for n ≥ 3, for weights λ that belong to the span of the first three fundamental weights.
It has long been known that branching rules for Levi subalgebras of semisimple Lie algebras are described by the combinatorics of Littelmann paths. The Lie sub algebra sp(2n, C) ⊂ sl(2n, C) is however not Levi. When the conjecture was originally formulated in [7] , it was proven for weights of hook and rectangular shape, and the proofs used various methods, which were particular to each of the cases. The proof we provide in this paper works in a uniform way for all cases considered in this paper, which were not considered before, and aims to shine light on a new approach towards understanding this conjecture in general.
The contents of this paper are organized in seven sections. In Section 1 we introduce basic notation, and in Sections 2 and 3 we recall the combinatorics of tableaux and paths that are needed in order to formulate the NaitoSagaki conjecture. We state it as Conjecture 1, in Section 4. In Section 7 we introduce Littlewood-Richardson Sundaram tableaux, which we will use to show our main result, Theorem 22. In Section 7 we ask some questions related to future work related to Conjecture 1.
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Notation for the Lie algebras
Let h ⊂ sl(2n, C) be the Cartan sub-algebra of diagonal matrices. Let ε i be the linear map h * → C defined by diag(a 1 , ⋯, a 2n ) ↦ a i . We write sl(2n, C) = ⟨x i , y i , h i ⟩ i∈{1,⋯,2n−1} where h i = E ii − E i+1,i+1 and where x i and y i are the Chevalley generators corresponding to the simple root α i ∶= ε i − ε i+1 . The automorphism σ is given by σ(x i ) = x 2n−i , σ(y i ) = y 2n−i , and
The fixed point set g σ is generated as a Lie algebra by ⟨x i ,ŷ i ,ĥ i ⟩ i∈{1,⋯,n} (see Proposition 7.9 in [4] ), wherê
This Lie algebra is isomorphic to sp(2n, C) (see Proposition 7.9 in [4] ) and
* be the set of integral weights of g σ with respect to h σ , and let P A 2n−1 ⊂ h * be the set of integral weights of g with respect to h.
To avoid confusion we will denote elements of P A 2n−1 by λ and elements of P Cn byλ; in particular, the fundamental weights in P A 2n−1 will be denoted by ω 1 , ⋯, ω 2n−1 , and the fundamental weights in P Cn byω 1 , ⋯,ω n . We can then write
where the direct sums are as Z-modules. Also, for λ = a 1 ω 1 + ⋯ + a n ω n we writeλ = a 1ω1 + ⋯ + a nωn for the corresponding element in P Cn . Weights with non-negative coefficients are called dominant. We will denote the corresponding sets by P 
To it is associated the following arrangement of boxes:
.
A semi-standard tableau of shape d is a filling of an arrangement of boxes of shape d with letters from the either one of the ordered alphabets
such that entries are strictly increasing downwards along each column of boxes and weakly increasing along each row from left to right. If the entries of a given semi-standard tableau belong to A 2n we will call it a semistandard Young tableau, and if they belong to C n , we will call it a symplectic semi-standard tableau. We will denote the set of semi-standard
Example 2. A semi-standard Young tableau of shape (3, 1):
Let W(A 2n ) denote the word monoid on A 2n and W(C n ) be the word monoid on C n . The word w(T ) of a semi-standard tableau T is obtained by reading its rows, from right to left and top to bottom. 
* starting at the origin and ending at an integral weight:
The map
we define a restricted path res(π) by
We will also consider the concatenation π 2 * π 1 of two paths π 1 and π 2 with the same codomain: it is the path obtained by translating π 2 to the endpoint π 1 (1) of π 1 . A path is dominant if its image is contained in the dominant Weyl chamber.
3.2. Paths that come from words. In the first part of this section we follow Section 2 of [7] . Let w = w 1 ⋯ w k be a word, either in W(A 2n ) or in W(C 2n−1 ). To it we assign the path:
where, for w i ∈ A 2n (respectively w i ∈ C n ), the path π
) is given by t ↦ tε w i , where we define ε l ∶= −ε l for
Setε i = res(ε i ) for i ∈ {1, ⋯, 2n}. Then, for i ∈ {1, ⋯, 2n} and j ∈ {1, ⋯, n} we haveε
otherwise.
, which means we can describe res(π w ) in the following simple way: First obtain from w a word res(w) in the alphabet C n by replacing a letter w i in w with 2n − w i + 1 if n < w i ≤ 2n. All other letters stay the same. This all then implies that res(π w ) = π res(w) .
Example 4. Let n = 2 and w = 121223341. Then res(w) = 121222211.
4. The Naito-Sagaki conjecture
be dominant and let L(λ) be the associated simple module for sl(2n, C). Recall the set Γ(d λ )
SSYT of semi-standard Young tableaux of shape d λ . Let
SSYT , elements of which are those semi-standard Young tableaux whose words are dominant under restriction (considered as paths), and for ν ≤ λ, let be dominant, and let L(λ) be the associated simple module for sl(2n, C). Then
L(δ(1)).
Theorem 6 ([7]
). Conjecture 1 is true for λ = aω 1 + ω k and λ = aω k , a ∈ Z ≥0 .
Example 7. Let n = 2 and λ = ω 1 + ω 2 as in Example 5. Then [7] for L(λ) a representation of gl(2n, C) for λ non-negative and dominant. However, the representation of gl(2n, C) induced by an irreducible representation of sl(2n, C) has the same highest weight and restricts back to itself. See §15.3 in [1].
5. Littlewood-Richardson tableaux and n-symplectic Sundaram tableaux: branching Definition 9. Let λ, ν ∈ P A 2n−1 be two dominant weights such that d ν ⊂ d λ (this means that one shape is contained in the other when aligned with respect to their top left corners. In Example 13 below we see that
A tableau T of skew shape λ ν is a filling of an arrangement of boxes of shape λ leaving the boxes that belong to ν ⊂ λ blank, with the others having entries in the alphabet A 2n , and such that these entries are strictly increasing along the columns. The word w(T ) of T is obtained just as for semi-standard Young tableaux, reading from right to left and from top to bottom, ignoring the blank boxes. be dominant weights such that the shapes d ν and d η are contained in the shape d λ of λ, and such that d η is even. A Littlewood-Richardson (respectively n-symplectic Sundaram or just Sundaram) tableau of skew shape λ ν and weight η is a tableau of skew shape λ ν that is semi-standard, and has a dominant word of weight η (respectively 2i + 1 does not appear strictly below row n + i for i ∈ {0, 1, ⋯,
Here a word w ∈ W(A 2n ) is dominant if the path π w is dominant. We will denote them by LR(λ ν, η) (respectively (LRS(λ ν, η) .) Remark 11. Note that if l(λ) ≤ n (such weights are called stable) then LRS(λ ν, η) = LR(λ ν, η).
Remark 12. If λ is stable and T is a Littlewood-Richardson tableau of skew shape λ ν then its entries belong to the set {1, ⋯, n}. This is because if, say, k appears in row l k of T , then, since the word of T is dominant, a k −1 must appear either directly above k in the same column, or in a column to the right, and since T is semi-standard, it appears in at most row l k − 1. We will use the notation c λ ν,η (S) = LRS(λ/ν, η) . The following theorem was proven by Sundaram in Chapter IV of her PhD thesis [9] . See also Corollary 3.2 of [10] . For stable weights it was proven by Littlewood in [6] and is known as the Littlewood branching rule.
Theorem 17. [9] Let λ ∈ P A 2n−1 be dominant. Then
6. Proof of the Naito-Sagaki conjecture for n = 2 and λ = a 1 ω 1 + a 2 ω 2 + a 3 ω 3 .
As its title suggests, in this section we give a proof of Conjecture 1 in the cases n = 2 and λ = a 1 ω 1 a 2 +ω 2 +a 3 ω 3 , for all n. We will do so using Theorem 17 from Section 5. The following construction should provide some insight. Given a tableau T ∈ domres(λ) we will construct a weight η T with even shape d η T . To do this, first replace, in T , all letters w such that n < w ≤ 2n by 2n − w + 1, and denote the resulting symplectic semi-standard tableau by res(T ). Its word w(res(T )) is equal to the restricted word res(w(T )). Now, in each column of res(T ), replace an entry w by a blank square if w appears to its left in the word res(w(T )) = w(res(T )). In that case, replace the entry w by a blank square as well. Count the number of blank squares in each column, and order these squares to obtain an arrangement of boxes of shape d η T . Remark 20. Lemma 19 is only true for T a semi-standard Young tableau. Consider for example n = 2 and the key (as in [2] , [11] ) T = 1 4 1 . Then res(T ) = 11 1 is dominant, however, the shape η T = (1, 0), which is not even.
Proof. We will call a column standard if its entries are consecutive integers, starting with 1. The proof is by induction on the number of right-most aligned consecutive standard columns in T , counted from right to left. Let D be the first column in res(T ) (counted from right to left) that is not standard. Then there exists s > 0 such that the first s boxes of D are filled in with the numbers i such that i ≤ s, and its s + 1-th box is filled in with l for some l ≤ n. Since res(T ) has a dominant word, it must even hold that l ≤ s. The same is true for the rest of the entries in D, which are barred since entries are strictly increasing. The boxes in D with barred entries together with the boxes in D that have as entries their non-barred versions (they all exist, since the word of T is dominant) make up one of the columns of the arrangement of boxes of shape d η . This column has an even number of boxes. Let us now ignore these entries. Let C be the closest column to the left of D that is not standard. For the induction step, we construct a new semistandard Young tableau in which C is the first column to not be standard. Let L be the semi-standard Young tableau made up of the first right-most aligned standard columns of T . Since the word of res(T ) is dominant, we may use the non-ignored entries in D to construct a new tableau L ′ from L . We do this by adding one of these boxes either at the end of L or at the end of a column, in such a way that the resulting arrangement is still a semistandard Young tableau with standard columns only. For example, if n = 3 and T = Assume that T is a Littlewood-Richardson tableau of skew shape λ ν and weight η that is not Sundaram. This means that there is at least a "1" in the third row. Since T is semi-standard, all the "1"'s in the third row must appear left-most and all next to one another. But since d η is even, for each of these 1's there must exist a "2" that appears before it , in the word reading order. But this means, since the word is dominant, that there must have appeared a 1 before this "2". This contradicts the evenness of d η ! Theorem 22. The Naito-Sagaki conjecture is true for n = 2 and for any n if λ = a 1 ω 1 + a 2 ω 2 + a 3 ω 3 .
Proof. Fix λ and ν as in Lemma 21 above. Then, for all η such that d η is even, c 
Actually (1) is equivalent to the dominance of res(w(T )), once the b i are set. We assign to T a Littlewood-Richardson tableau ϕ(T ) ∈ LR(λ η T , ν). By Lemma 19, η T is even. Write
Note that η T has m = m 1 + m 2 + m 3 columns, all of length 2. Fill in the first λ 1 − m right-most boxes in the first row with a "1" , and the first λ 2 − b right-most boxes in the second row with a "2". If n ≠ 2 fill in the first m 4 right-most entries of the third row with a "3". Then fill in the next rightmost m 1 entries in the third row with a "2", and the remaining entries with a "1". The resulting tableau ϕ(T ) is a Littlewood-Richardson tableau by construction. Now we will show that any element in ⋃ 
Since L has a dominant word, we have
Substituting (3) and (4) in (6) we get precisely (1), so if we find solutions m 1 , m 2 , m 3 , the resulting tableau will automatically belong to domres(λ, ν). Claim 1 below assures that this is the case. 
m ≥ λ 2 − l 2 (8)
It follows from the definitions that these conditions are satisfied by all elements of
LR(λ η, ν).
To conclude we give a proof of Claim 1.
Proof of Claim 1. We need to solve the system of equations determined by (2) , (3), and (4). From (2) and (4) we have
Therefore m 2 ≥ 0 if and only (7) holds. Substituting (11) into (3) we get
Hence m 3 ≥ 0 if and only if (9) holds. Now substitute (12) into (10) and get
and hence m 1 ≥ 0 if and only if (8) holds. This concludes the proof of Claim 1.
Questions and perspectives
The bijection from Proposition 23 (for any n) would imply Conjecture 1 for a stable weight λ. A more general bijection domres(λ, ν) would imply Conjecture 1 for any n and any λ. The questions of how to establish such a bijection in general, and of how to generalize Conjecture 1 to other types, are the motivation for [8] .
